Introduction
Let G be a locally compact group and K a compact subgroup of G. The investigation of the Banach 3-algebra L 1 (KnG=K) of K-biinvariant integrable functions on G is an important theme in harmonic analysis on G or G=K. When L 1 (KnG=K) is commutative, the pair (G; K) is called a Gelfand pair, and there have been many works on Gelfand pairs until now (see for example [F] and the introduction of [BJR] ). In this paper, we consider the case G = K nN, where N is a connected, simply connected nilpotent Lie group and K acts on N as automorphisms. We shall give a necessary and sucient condition for the pair (G; K) to be a Gelfand pair. This is equivalent to determining a condition that the Banach 3-algebra L 1 K (N) of K-invariant integrable functions on N be commutative. We call the pair (K; N) a Gelfand pair associated with N if L 1 K (N) is commutative. Now L 1 K (N) is commutative only if N is at most 2-step thanks to [BJR] , and accordingly our object N is assumed to be 2-step. Our rst theorem (Theorem A below) gives a way in which one reduces the matter to Heisenberg groups. Let us describe our method in detail.
Denote by n the Lie algebra of N and by n 3 the dual vector space of n. For l 2 n 3 , let B l be the alternative form corresponding to l : B l (X; Y ) = l([X; Y ]) (X; Y 2 n), and b(l) the intersection of the radical of B l with ker l. Then we see that n=b(l) is isomorphic to a Heisenberg algebra if lj [n;n] 6 = 0. Let = l be the irreducible unitary representation of N corresponding to l (see [Ki] ) and K the stabilizer of for the action of K on the unitary dual c N of N. We denote by 8 (K ) the subgroup of Aut(n=b(l)) formed by the K -actions induced on n=b(l). Let B(l) be the subgroup of N corresponding to b(l). Considering the pair (8 (K ); B(l)nN) with n=b(l) regarded as the Lie algebra of B(l)nN, we obtain the following theorem.
Theorem A. Let N be a 2-step nilpotent Lie group and K a compact group acting on N as automorphisms. Then the pair (K; N) is a Gelfand pair if and only if (8 (K ); B(l)nN) is a Gelfand pair for every l 2 n 3 .
Using Theorem A, we will show by an example a certain subtlety of 2-step nilpotent Lie groups N if the derived algebra [n; n] of the Lie algebra n of N is dierent from the center Z(n) of n. To be more precise, we decompose n into Kinvariant subspaces as n = n 0 8a8[n; n] with Z(n) = a8[n; n]. Put n 1 = n 0 8[n; n].
The sum is a direct sum of ideals and we have Z(n 1 ) = [n 1 ; n 1 ]. Let N 1 and A be the subgroups corresponding to n 1 and a respectively. Consider the pair (K; N 1 ).
alone do not suce to determine the properties of L 1 K (N) in general. For instance, the commutativity of L 1 K (N 1 ) does not imply the commutativity of L 1 K (N). In fact, let n be the 5-dimensional Lie algebra C 2 C 2 R with the bracket product [(z 1 ; z 2 ; t); (z 0 1 ; z 0 2 ; t 0 )] = (0; 0; 0Imz 2 z 2 0 ). Let K be the one-dimensional torus T acting on n by e p 01 1 (z 1 ; z 2 ; t) = (e p 01 1 z 1 ; e p 01 1 z 2 ; t). Then n 1 = 0 2 C 2 R, a = C 2 0 2 0. For this n, we show Theorem B. Let N = exp n and N 1 = exp n 1 . Then L 1 K (N 1 ) is commutative, whereas L 1 K (N) is not commutative. Finally, we treat the case where K = T n and N is a general 2-step nilpotent Lie group, and give a necessary and sucient condition for (K; N) to be a Gelfand pair. Such a condition was given by Leptin [L] when [n; n] = Z(n) and the action of K is eective. In this paper, we work without these two restrictions and present a complete solution. Recall the decomposition n = n 0 8a8[n; n] mentioned above. (1) m 0;1 = 0, (2) S 1 is a linearly independent system, (3) m ;1 = 1 for all 2 S 1 , (4) R-span(S 1 ) \ R-span(S 2 ) = 0, Now, Kirillov's theory [Ki] tells us that there is a bijection between the coadjoint orbit space n 3 =N and the unitary dual c N. By [Br] , this bijection is a homeomorphism when n 3 =N is equipped with the quotient topology. For l 2 n 3 , we denote by l the irreducible unitary representation of N corresponding to l. Dene the right action of K on n 3 by (l 1 k)(X) = l(k 1 X) (l 2 n 3 ; k 2 K; X 2 n):
Then we see that ( l ) k ' l1k . Moreover, we have for
Denoting by O l the coadjoint orbit through l 2 n 3 , we get
Therefore, (Ad 3 (N)l) 1K = Ad 3 (N)(l 1K). This says that in Corollary 1.3, we can take the set f l g 2A as S, where fl g 2A is a complete system of representatives of (N; K)-orbits in n 3 such that the union S 2A (Ad 3 (N)l 1 K) is dense in n 3 .
Reduction to Heisenberg Groups
We consider rst the case of the (2n + 1)-dimensional Heisenberg group H n . Let h n be the Lie algebra of H n and K a compact subgroup of Aut(h n ). Since the one-dimensional center Z(h n ) of h n is invariant under K, and since K is compact, there is a character of K with image f1g or f61g such that
We suppose that K acts on Z(h n ) trivially. Let T be a generator of Z(h n ). Let V be a K-invariant subspace of h n complementary to Z(h n ). Then we can dene a symplectic form ! on V such that It is easy to see that ! 0 is a hermitian inner product on the complex vector space (V; I 0 ). The unitary group U(! 0 ) of ! 0 is a maximal compact subgroup of Sp(!).
Hence there is 2 Sp(!) such that K U(! 0 ) 01 . Set I = I 0 01 and
Then, since 01 k 2 U(! 0 ) commutes with I 0 , we have
for k 2 K, X; Y 2 V . Consequently we see that K U(!). In what follows we regard V as an n-dimensional complex vector space (V; I) with the inner product !.
As is well-known, the irreducible unitary representations of H n which are non-trivial on the center are determined by their central characters. We denote by R ( 6 = 0) the irreducible unitary representation with central character (exp tT ) = e p 01t (t 2 R). Moreover, fR g 6 =0 is dense in c H n with respect to Fell topology. Then, by Theorem 1.2, it is sucient to consider the representations fR g 6 =0 . We will realize R by means of the Fock models (see for example [Ba] ). Recalling that K is contained in the unitary group of V , we dene the unitary
Then, an easy computation shows R (k 1 (z; t))W (k) = W (k)R (z; t We return to the case where N is a 2-step nilpotent Lie group. We will see that every innite-dimensional irreducible unitary representation of N factors through a Heisenberg group. For l 2 n 3 , let B l be the alternative form on n dened by (4) lj [n;n] 6 = 0 if and only if n(l) 6 = n. In this case, dim(n=b(l)) > 1. Proof. (1) Since n is 2-step, [n; n] is included in the center Z(n). Therefore B l ([n; n]; n) B l (Z(n); n) = 0. Hence [n; n] n(l).
(2) This follows from (1) and the denition of n(l).
(3) Clearly dim(n(l)=b(l)) 1. Suppose rst lj [n;n] 6 = 0. Then we have n(l) 6 = b(l) by (1). Suppose next lj [n;n] = 0. Then B l (n; n) = 0, so that we get n(l) = n.
On the other hand we have b(l) 6 = n, because l 6 = 0.
(4) By the proof of (3), if n(l) 6 = n, then lj [n;n] 6 = 0. Suppose conversely that lj [n;n] (1) n(l) = n(l 0 ), (2) lj n(l) = l 0 j n(l) :
Proof. See [M] , Theorem 2.3 (3). Now, let K be a compact subgroup of Aut(n).
Lemma 2.4. Let k 2 K. Then k 2 K l if and only if (1) k 01 1 n(l) = n(l), (2) l 1 kj n(l) = lj n(l) .
Proof. Since ( l ) k ' l1k for k 2 K, we have k 2 K l , l1k ' l . Now Lemma 2.4 follows from Lemma 2.3 by noting n(l 1 k) = k 01 1 n(l).
We suppose from now on that lj [n;n] 6 = 0. Then, Proposition 2.2 (4) says that dim(n=b(l)) > 1. Moreover,
Since the second algebra in (2.4) is abelian by Proposition 2.2 (1), n=b(l) is isomorphic to a Heisenberg algebra h n where n = 1 2 dim(n=n(l)). Put B(l) = exp b(l). Denote by p l the canonical projection of N onto B(l)nN and by l 0 the element of (n=b(l)) 3 such that l = l 0 p l . f(p l (x)) = f(x) (x 2 N), gives rise to an identication of H l with H l 0 . Then, for x; n 2 N, we get
Therefore l ' l 0 p l . Put = l for brevity. Consider the subgroup Aut(N) of Aut(N):
where () ' (x) = ('(x)). Then K is a subgroup of Aut(N) . Recalling the projection p l : N ! B(l)nN we dene a map 8 as follows:
Then 8 is well-dened thanks to Lemma 2.3, and 8 (K ) stabilizes the elements in the center of B(l)nN.
Theorem 2.6. For l 2 n 3 , denote by = l the irreducible unitary representation of N corresponding to l 2 n 3 . Then, (K; N) is a Gelfand pair if and only if (8 (K ); B(l)nN) is a Gelfand pair for every l 2 n 3 .
Proof. By Theorem 1.2, it suces to treat the case lj [n;n] 6 = 0. For such an l, we have l ' l0 p l for some l 0 2 (n=b(l)) 3 . For k 2 K ,
by (2.5). Since l 0 is unitarily equivalent to some R 0 in (2.1) or (2.2), there is an intertwining representation W of 8 (K ) such that
for all k 2 K , h 2 H n . Therefore we get This together with Theorem 1.2 and Proposition 2.1 completes the proof.
A Counterexample
In this section we give some applications of Theorem 2.6. Let N be a 2-step nilpotent Lie group, n the Lie algebra of N. We denote by Z(n) the center of n and by [n; n] the derived algebra of n. Since n is 2-step, we have [n; n] Z(n). We suppose that [n; n] 6 = Z(n). Let K be a compact group acting on n as automorphisms. Then there is a K-invariant real inner product h1; 1i on n. Let n 0 (resp. a) be the K-invariant orthogonal complement of Z(n) (resp. of [n; n]) in n (resp. in Z(n)) relative to this inner product, so that we have the following K-invariant orthogonal decompositions: n = n 0 8 a 8 [n; n]; Let N 1 , A be the normal subgroups of N corresponding to the ideals n 1 , a respectively.
Proposition 3.1. If (K; N) is a Gelfand pair, so is (K; N 1 ).
Proof. Given l 1 2 n 3 1 , we denote by l the linear form on n dened by l(X 1 +Z) = l 1 (X 1 ) (X 1 2 n 1 , Z 2 a). By (2.3) we have easily n(l) = n 1 (l 1 ) 8 a; b(l) = b 1 (l 1 ) 8 a:
By the latter equality we can identify n 1 =b(l 1 ) with n=b(l). Put 1 = l1 2 c N 1 for simplicity. Then 1 is equivalent to l j N1 . Furthermore the stabilizer K 1 coincides with K l . In fact, K 1 = fk 2 K j k 01 1 n 1 (l 1 ) = n 1 (l 1 ); l 1 1 kj n1(l1) = l 1 j n1(l1) g (by Lemma 2:4) = fk 2 K j k 01 1 n(l) = n(l); l 1 kj n(l) = lj n(l) g = K l :
Let B 1 (l 1 ) = exp b 1 (l 1 ). Let 8 l be the map in (2.5) and 8 1 1 the map Aut(N 1 ) 1 ! Aut(B 1 (l 1 )nN 1 ) dened similarly through the data N 1 , l 1 , 1 . Then we can identify (8 l (K l ); B(l)nN) with (8 1 1 (K 1 ); B 1 (l 1 )nN 1 ). Since (K; N) is a Gelfand pair, so is (8 l (K l ); B(l)nN) by Theorem 2.6. Hence (8 1 1 (K 1 ); B 1 (l 1 )nN 1 ) is a Gelfand pair, so that (K; N 1 ) is also a Gelfand pair by Theorem 2.6 again. Now, we consider the converse of Proposition 3.1. It is stated in [L, p. 59 ] and [BJR, p. 105] Using the same notations as the beginning of this section we have Z(n) = C 2 0 2 R; [n; n] = 0 2 0 2 R; n 1 = 0 2 C 2 R; a = C 2 0 2 0:
It is clear that n 1 is isomorphic to the 3-dimensional Heisenberg algebra. Denote by N 1 the subgroup of N corresponding to n 1 .
Theorem 3.2. (K; N 1 ) is a Gelfand pair, whereas (K; N) is not a Gelfand pair.
Proof. Since N 1 is isomorphic to the 3-dimensional Heisenberg group H 1 and K = T, the pair (K; N 1 ) is a Gelfand pair as is well-known (see [BJR] ). To show that (K; N) fails to be a Gelfand pair we take a basis of n as follows: 4. Leptin's Problem Let N be a 2-step nilpotent Lie group and K = T n an n-dimensional torus acting on N as automorphisms. We consider the following problem posed by Leptin [L] . For example, (T n ; H n ) is a Gelfand pair, [HR] . When [n; n] = Z(n) and T n acts on N eectively, Leptin gave an answer as follows [L] : (T n ; N) is a Gelfand pair if and only if N is a quotient group of (H 1 ) n by a central subgroup and T n acts on (H 1 ) n naturally. In this case, T n acts on Z(N) trivial ly.
We investigate now the case [n; n] 6 = Z(n) and give a complete solution to Problem 4.1. We have the decompositions (3.1), (3.2) and (3.3) in the previous section. We write c In order to prove this theorem, we need the following lemma. Proof. See [BJR, p. 103] , the proof of Theorem 5.17.
Proof of Theorem 4.2. Suppose rst that (K; N) is a Gelfand pair.
Step 1 Hence (4), (2) and (3) are proved by the rst, second and third inequality.
Suppose conversely that the conditions (1) (5) are satised. We will show that (K; N) is a Gelfand pair. In order to prove this, it is sucient to deal with the elements l in the maximal dimensional coadjoint orbits in n 3 . We note here that
(1) says every 2 S 1 is non-zero and that (3) 
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